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A SPECTRAL CHARACTERIZATION OF AH' OPERATORS 


SATISH K. PANDEY AND VERN I. PAULSEN 


Abstract. We establish a spectral characterization theorem for the operators 
on complex Hilbert spaces of arbitrary dimensions that attain their norm on 
every closed subspace. The class of these operators is not closed under addition. 
Nevertheless, we prove that the intersection of these operators with the positive 
operators forms a proper cone in the real Banach space of hermitian operators. 


1. Introduction 

Throughout this paper T-L and K, will denote complex Hilbert spaces and we write 
B{'H,IC) for the set of all bounded, linear operators from H to JC. We recall that 
B{'H,}C) is a complex Banach space with respect to the operator norm 

||T|| = sup{||ra:|| :x€H, ||a;|| < 1}. 

Definition 1.1. An operator T G B{'H^1C) is said to be an M operator or to 
satisfy the property A/" if there is an element x in the unit sphere of T-L such that 
ni = \\Tx\\. 

Such operators achieve their norm and hence are known as norming operators. 
A generalization of the property Af leads to a new class of operators in B{'H, JC). 

Definition 1.2. An operator T G B{'H,JC) is said to be an AAf operator or to 
satisfy the property AAf, if for every nontrivial closed subspace M of H, r|x 
satisfies the property Af. 

Alternatively, an operator T G B{'H,IC) is said to be an AAf operator if for ev¬ 
ery nontrivial closed subspace A4 of H there is an element x G At, ||a;|| = 1 such 
that IITI^II = \\T\m{x)\\. Since these operators, when restricted to any nontrivial 
closed subspace of H, achieve their norm on that closed subspace, we say that these 
operators are absolutely norming and hence the name AM operator. Needless to 
say, every AM operator is an M operator. 

The AM operators were introduced and studied in [T] and [1]. Carvajal and 
Neves [1] proved a partial structure theorem [TJ Theorem 3.25] for the class of 
positive AM operators on complex Hilbert spaces that included an uncharacterized 
“remainder” operator. This theorem motivated Ramesh [4] to attempt to obtain a 
full characterization theorem [U Theorem 2.3], without remainder, for positive AM 
operators on separable complex Hilbert spaces. 

In this paper, we present a counterexample to Ramesh’s characterization theorem 
[H Theorem 2.3]. We then give a full spectral characterization of the class of positive 
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Ahf operators on complex Hilbert spaces of arbitrary dimensions, earlier results 
needed to assume separability. The correct characterization requires more terms 
than were used in [1] and [T]. Using this theorem, we prove a full characterization 
theorem for the class of AM operators on complex Hilbert spaces of arbitrary 
dimension. 

We begin by giving noninductive proofs of some basic facts, which allows us to 
remove the separability assumption. In section 3 and 4, we derive necessary and 
sufficient conditions for a positive operator that satisfies the AM condition and con¬ 
sequently establish a spectral characterization theorem fsee l5.ll) for these operators 
in section 5. This theorem, together with the polar decomposition theorem, then 
paves the way for our main result in section 6: the full spectral characterization 
of the class of AM operators (see 16. 4p . The class of these operators is not closed 
under addition. Nevertheless, we prove that the class of positive AM operators is 
a proper cone in the real Banach space of hermitian operators. 

We end this section by presenting a counterexample to [H Theorem 2.3]. 

Example 1.3. Consider the operator 


0 

That T is positive operator on a separable Hilbert space is obvious. T is not 
compact. The infimum of the eigenvalues of this operator, Ramesh’s m(T) = 1/2. 
The operator T — m{T)I = diag(0,1/2,1/2,...) is not compact. Consequently, T 
is neither compact nor of the form K m(T)I for some positive compact operator 
K. Even more, there does not exist a > 0 such that T = K + al tor some positive 
compact operator K. Thus, if [4] Theorem 2.3] was correct, then T would not 
satisfy AM. 

However, we now prove that T satisfies the property AM. Suppose that Ml is 
an arbitrary nontrivial closed subspace of 'H. If A4 is one dimensional, then T\m 
attains its norm at any vector in Mi with unit norm. If dim(A4) > 2 and Mi contains 
two noncollinear vectors which are nonzero in the first entry, then there exists a 
linear combination of these two vectors with 0 in the first entry. Letting xq be the 
normalization of this vector, we get 1 = |]xo|] = ||T(xo)|] < ||T|x|| < ||r|] = 1 and 
so we have equality throughout and T attains its norm on Mi. 

Finally, if dim(Al) > 2 and it does not contain any two such vectors, then it 
either has a single such vector and its scalar multiples or no such vector. Since 
dim(A4) > 2, Ml has at least one vector linearly independent from all vectors with 
nonzero first entry and that vector must have 0 in its first entry. If we normalize this 
vector — we call this vector xq — we get 1 = ||xo|| = ||r(xo)|| < ||T|;v(|| < ||T|| = 1 
and hence T attains its norm on Mi. This proves the assertion and serves to be a 
counterexample to the characterization Theorem 2.3 of [1]. 

While some of our results have parallels in [1] and [4], our proofs are quite 
different, since we do not assume separability and avoid representing operators by 
ordered series indexed by N. 


0 


e B{f). 




A SPECTRAL CHARACTERIZATION OF AM OPERATORS 


3 


2. Preliminaries 

Proposition 2.1. If T £ is a compact operator, then T satisfies the 

property AM. 

Proof. If r is a compact operator from "H to /C then the restriction of T to any 
closed subspace At is a compact operator from A1 to /C. So it will be sufficient to 
prove that if T is a compact operator then T satisfies M. 

Let B = {x GV. : ||a:|| ^ 1} be the closed unit ball of H. Since T is a compact 
operator, T{B) is a compact subset of fC in the norm topology [31 page 55]. Also, 
II • Ilic : T{B) —^ [0,oo) is a continuous function on T{B). Consequently we have 
supIIITxIIk: : ||a;||w ^ 1} = inax{||Ta;||K; : ||a;||w ^ !}■ It therfore implies that 
there exists xq £ B such that ||T|| = ||Ta;o||K:- This, together with HTccoHa: ^ 
||T||||a;o||w < ||T||, implies that ||a;o||« = 1. This proves the proposition. □ 

Proposition 2.2. [1] Proposition 2.3] Let T £ B{T-L) he a self-adjoint operator. 
Then T satisfies M iff \\T\\ or —||r|| is an eigenvalue ofT. 

This result leads us to the following theorem. 

Theorem 2.3. Let T £ BifH) be a positive operator. Then T satisfies M iff |lr|| 
is an eigenvalue ofT. 

Theorem 2.4. Let T-L and K. be complex Hilbert spaces and T £ B{TL,K). Then T 
satisfies M iff T*T satisfies M. 

Proof. First assume that T satisfies M . There exists x in the unit sphere of H. such 
that ||ra;|| = ||r||. Then 

||T*T|| = ||Tf = {Tx,Tx) = {T*Tx,x) < \\T*Tx\\ < \\T*T\\, 

and so we have equality throughout which implies that T*T satisfies M. 

Conversely, if T*T satisfies M, then by Theorem 12.31 ||r*T|| is an eigenvalue 
of T*T. Suppose y £ H is the corresponding eigenvector of unit norm. Then 
||Tj/|p = {T*Ty,y) = {\\T*T\\y,y) = ||r||^, and the result follows. □ 

Let T £ B{TL, K), recall that every positive operator has a unique positive square 
root and that |T| := ffT*T. 

Theorem 2.5. Let H and K, he complex Hilbert spaces and T £ B{'H,}C). Then 
the following statements are equivalent. 

(1) r satisfies M. 

(2) T* satisfies M. 

(3) |||T||| is an eigenvalue o/|T|. 

(4) ||T|| is an eigenvalue o/|T|. 

(5) iTj satisfies M. 

(6) jT*! satisfies M. 

(7) jTp satisfies M. 

(8) \T*\'^ satisfies M. 

(9) j|T|| is an eigenvalue o/|T*|. 

Proof. The equivalence of (1) and (7) follows from Theorem 12.41 as does the equiv¬ 
alence of (5) and (7). Since |||r||| = ||r||, by Theorem 12.31 (5) is equivalent to (3) 
and (4). 
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Replacing T by T* in these equivalences and using that ||T|| = ||T'*||, shows the 
equivalence of (2), (6), (8) and (9). 

All that remains is to show the equivalence of (1) and (2). Assume that T 
satisfies Af. By equivalence of (1) and (4), ||T|| is an eigenvalue of \T\. Let z G H 
be an eigenvector of |r| of unit norm corresponding to the eigenvalue ||T||. Since 
\T\{z) = \\T\\z we have T*Tz = \T\^iz) = |T|(|r|(z)) = \\Tfz. Consequently, 
j|T*(r 2 :)|| = i|r|p = ||T||||T*||, since ||z|| = 1. Notice that is in the unit 

sphere of /C and hence ||T'*(Tu^)|| = ||T*|| which means that T* satisfies Af. This 
proves that (1) implies (2). The backward implication follows if we replace T by 
T* in the proof and use T** = T. This completes the proof. □ 

Remark 2.6. Later (see 16.31) we will give an example of an operator such that T 
is AN but T* is not AN. 

3. Necessary conditions for positive AN Operators 

The purpose of this section is to study the properties of positive AN operators. 

Theorem 3.1. Let T G B{'H) be a positive AN operator. Then Tl has an orthonor¬ 
mal basis consisting of eigenvectors ofT. 

Proof. Let B = {va '■ a G N] he the maximal orthonormal set of eigenvectors 
of T. That B is nonempty is a trivial observation; for T, being a positive AN 
operator, must have ||T|| as its eigenvalue. Considering ic to be a unit eigenvector 
corresponding to the eigenvalue ||T||, we have Tw = llTHu; which implies that 
w G B. 

To show that TL has an orthonormal basis consisting entirely of eigenvectors of 
T we define "Hq := clos(span(S)) and show that TLe = TL. It suffices to show that 
TLq = {0}; for then TLq = TLq^ = {0}-'* = TL. 

We first claim that TLq is an invariant subspace of TL under T. To see this, let 
J- denote the collection of finite subsets of A, that is, T = {F C A : F is finite}. If 
V GTLq, then 

V Va) Va = h^ ^ (u, Va) Va- 

aeA aeF 

Since the above limit is the norm limit and T is bounded (norm continuous), it 
follows that 

ol^F ocGF a^A 

considering Tva = PaVa where Pa G Tl for every a G A. This shows that TLq is 
an invariant subspace of TL under T. Since T = T*, we infer that TLq is also an 
invariant subspace of TL under T. 

We complete the proof by showing TLq — {0}. Suppose, on the contrary, that 
TLq yf {0}, that is, TLq is a nontrivial closed subspace oiTL. Since T is a positive AN 
operator, T|^r satisfies the property N. Even more, T|^r is a positive operator 
on TLq which satisfies N because TLq is invariant under T. Consequently, ||T|^r|| 
is an eigenvalue of Let z be a unit eigenvector of corresponding to 

the eigenvalue ||T|.^r||. Clearly then z G TLq such that || 2 :|| = 1 and T\.^^{z) = 
||T|.j^r||z, which implies that Tz = T\.^±{z) = |lT|.j^r||z. But this means that 
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z ^ 'Ho is an eigenvector of T which contradicts the maximality of the set B = {va ■ 
a G A} of T and we conclude that 'Hq = {0}. This completes the proof. □ 

Let 'H, fC he Hilbert spaces with w G 'H and v G 1C. v ® w then denotes the 
operator from 'H to K defined as: {v ® w)x = {x, w) v for every x G H. 

Corollary 3.2. IfTG B{'H) is a positive AAf operator, then 

T = ^ l3aVa ® Va, 

oGA 

where {va ■ a G A} is an orthonormal basis consisting entirely of eigenvectors of 
T and for every a G A, Tva = PaVa with j3a ^ 0. Moreover, for every nonempty 
subset r C A of A, we have sup{/3q. : a G T} = max{/3Q, : a G T}. 

Proof That T = J2aeA Pa'Va ® Va is obvious. To pi'ove the final claim we use 
the method of contradiction and assume on the contrary that supj^ct ■ cx G T } ^ 
max{/3Q, : a G r} for some nonempty subset T C A, that is, the supremum of the 
set {Pa : a G r} (say /3) is not achieved. In that case, for any x G 'Hr with ||a;|| = 1, 

\\T\nAx)f = AmA I" < ^ P^\ { x , Va ) \^=p^ = \\T\nrf. 

ctGP aGT 

This implies that ||T|^^j,(a;)|| < ||T|-Hp|| for every x G 'Hr with ||a;|| = 1 which 
contradicts the fact that T is an AAf operator. This proves the assertion. □ 


The spectral conditions given in the above corollary do not characterize AAf 
operators as the following example and result show. 


Example 3.3. Let Ki, K 2 be positive compact operators that are not of finite rank 
on the complex Hilbert space P, and 0 ^ a < b. Consider the operator 


T = 


al + Ki 

0 


0 

bI + K2 


G B{P(bP)- 


Then the supremum of each subset of the spectrum is equal to the maximum of 
that subset since the spectrum of T consists of the closure of the union of two 
decreasing sequences, {a„} and {bn}, with lim„ On = a and lim„ bn = b. However, 
the spectrum of T has two limit points, and so by the following result T is not AM. 
Thus, the spectral condition given by the above corollary does not characterize 
positive AM operators. 


Proposition 3.4. IfTG B{'H) is a positive AM operator, then the speetrum <j{T) 
of T has at most one limit point. Moreover, this unique limit point (if it exists) can 
only he the limit of a decreasing sequence in the spectrum. 

Proof. By the Corollary 13.21 we know that 

T = ^ PaVa ® Va, 

oGA 

where {va '. Oi G A} is an orthonormal basis consisting entirely of eigenvectors of T 
and for every a G A,Tva = PaVa with Pa ^ 0. All that remains is to show that 
the spectrum cr(T), which is precisely the closure of {Pa}a^A has at most one limit 
point and this unique limit point (if it exists) can only be the limit of a decreasing 
sequence in the spectrum. 

First we show that whenever A is a limit point of the spectrum a{T) of T, then 
there exists a decreasing sequence (A„)„gN C {pa : a G A} such that A„ \ A. To 
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see this, it is sufficient to prove that there are at most only finitely many terms of the 
sequence of (Ari)neN that are strictly less than A; for if there are infinitely many such 
terms, then there exists an increasing subsequence (A„j,) such that A„j, A and for 
eachrifc G N, A„j, < A. But then ifwe define Ado := clos(span{r)„j,}), where ’s are 
the eigenvectors corresponding to the eigenvalues A„^, then it is a trivial observation 
that ||T|^oll = sup{|A„J} = A. However, for every x = J2nk G Mq with 

Eri*, larifcP = 1 SO that ||a;|| = 1 , 

\\T\Moim^ = II E f = E l«"^ P < A" E l' = 

'^k '^k l^k 

so that ||T’|a4o(2^)II < a < II^’IaIoII- This contradicts the fact that T is an AAf 
operator. This proves our first claim. 

We next prove, by the method of contradiction, that the spectrum cr(T) of T 
has at most one limit point. Suppose on the contrary that the spectrum a{T) = 
clos({/3Q}Q,gA) has two limit points a < b. By the discussion in the above paragraph, 
there exist decreasing sequences (o„)„gN C {/3a}aeA and (fen)„gN ^ {/3a}aeA such 
that a„ \ a and \ 6 . Let us rename and denote by {fn} and {g-n} the eigen¬ 
vectors corresponding to the eigenvalues {a„} and {bn} respectively. Without any 
loss of generality we may assume that ai < 6 so that a„ < bn for each n G N. (For 
if it happens otherwise then we can choose a natural number m such that Om < b 
and redefine the sequence {an)^=m by {a.n)^=i ) Also note that Tfn = Unfn and 
Tgn = bngn for each n G N. Define 

M := clos (^span |c„/„ -f a/1 - c^gn : n G , 

where G [0,1] are yet to be determined. Needless to say that Ad is a closed 
subspace of "H and hence a Hilbert space in its own right. Moreover, it is a trivial 
observation that the set {e„ : n G N}, where e„ := c„/„ -I- a/ 1 — serves to be 
an orthonormal basis of Ad. Then, 

\\T\Mf > sup{||Te„f} = sup{||r(c„/„ -fi a/1 - clgn)f : n G N} 

= sup{||c„a„/„ -I- a/ 1 - : n G N} = supjc^a^ + (1 - : n G N}. 

At this point we define a sequence ( 7 n)neN by 

, ai — b 

In ■=b-\ --- ;n G N. 

2n 

Then, (7„)„gN is a strictly increasing sequence such that for every n G N, < 7 ^ < 
6 ^ and lim„^oo 7 n = sup{ 7 ri : n G N} = 5. Notice that + (1 — c^)^n is a convex 
combination of and 5^, and hence it follows that + (1 — G [®n) ^n] foi” 

each n G N. In fact, by choosing the right value of G [0,1], + (1 ~ can 

give any point in the interval [a^,5^]. Let us then choose a sequence (c„)„gN such 
that clal -fi (1 - cl)bl = 7 ^. This yields 

\\T\m\\'^ ^ supjc^a^ +{1- cl)bl : n G N} = supjy^ : n G N} = 52 . 
However, any x & Ai with ||a:|| = 1 can be written as 

00 00 

E Ctn{Cnfn + a /1 - C^gn), with E l^^nl^ = 1 , 
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in which case, 


\\T\m{xW = \\Txf = T ^ 

Vn=l / 

oo oo 

= ^ \an?{clal + (1 - cl)hl) = ^ \an\’^ll < 


This implies that for every element x G M with ||x|| = 1, ||T|yK(a:)|| < b ^ l|r|Ai|| 
which means that T does not satisfy the property AM. So we arrive at a contra¬ 
diction. Hence, our hypothesis is wrong and we conclude that the spectrum of T 
can have at most one limit point. This completes the proof. □ 


We now use this as a tool to prove the following result. 

Corollary 3.5. If T G BiH) is a positive AM operator, then the set {j5a }aGA of 
distinct eigenvalues ofT, that is, without counting multiplicities, is countable. 

Proof. This corollary is a direct consequence of the fact that If E C R is an un¬ 
countable subset, then E has at least two limit points. Since the set {/3a}aGA has at 
most one limit point, by the contrapositive of the above fact, it is countable. □ 

Corollary 3.6. If T G BiH) is a positive AM operator, then the set {j5a }aGA of 
eigenvalues ofT has at most one eigenvalue with infinite multiplicity. 

Proof. To show that this set has at most one eigenvalue with infinite multiplicity, 
we assume that it has two distinct eigenvalues /3i and /32 with infinite multiplicity, 
and we deduce a contradiction from the assumption. Without loss of generality, we 
assume that 0 < /3i < (32- Now let (a„)„gN C {/SajagA and (6„)„gN C {/SajagA be 
two sequences such that for every n G N, we have a„ = /3i and bn = 132. Clearly 
then On —> Pi and —> P 2 . Let us, like in the previous proof, rename and denote 
by {/n} and {gn} the eigenvectors corresponding to the eigenvalues {a„} and {bn} 
respectively where Tfn = a„/n = Pifn and Tgn = bnPn = P 2 gn for each n G N. At 
this point we define a sequence (7n)neN by 

7n := P 2 + G N. 

2 n 

That (7„)nGN is a strictly increasing sequence with Pf < < /3| for every n G N 

such that lim„_>.oo 7n = sup{ 7 „ : n G N} = /32 is obvious. Let G [0,1] be 
arbitrary, then since CnPi -I- (1 — c^)/3| is a convex linear combination of Pf and 
P 2 , it follows that for each n G N, we have c^Pf -f (1 — G [PhP 2 ]- la fact, 

by choosing the right value of G [0,1], CnPi -I- (1 — c^)/3| gives any desired point 
in the interval [Pi , /3|]. This observation, together with the fact that Pf < < Pi 

for every n G N, allows us to define the sequence (c„)„gN concretely, which is as 
follows: 

for each n G N, choose c„ so that c^Pl -f (1 — = 7n- 

We will use this so defined sequence (c„)„gN as a tool to define a closed subspace 
of -H by 

M := clos (span |c„/„ -f a/1 - : n G n}) . 
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It is easy to see that the set {e„ : n G N} serves to be an orthonormal basis of A4, 
where e„ := c„/„ + \/l — c^dn- It now follows that 


IIT’ImIP ^ sup{||Te„|p} = sup{||c„/3i/„ + y/l - : n G N} 

= sup{4/3? + (1 - 4)/3i : n G N} = supjy^ : n G N} = /3|. 


However, any x G Ai with ||a;|| = 1 can be written as 

OO OO 

an{cnfn + a/1 - clgn) with |a„|^ = 1. 
n—1 n—1 

In that case, 

^ OO \ 

\\T\m{xW = \\Txf = T y] a„(c„/„ + 


\n—l 


Oin{CnPlfn + a/I - clP2gn) 

n—1 

OO 

n—1 

OO OO 

= J2 \^n\‘^P2 = Pi- 


n—1 


n—1 


This implies that for every element x G M with ||a;|| = 1, ||T|_A 4 (a;)|| < (32 ^ 
\\T\m\\ which means that T does not satisfy the property AM. So we arrive at a 
contradiction. Hence, our hypothesis was wrong and we conclude that the spectrum 
of T can have at most one eigenvalue with infinite multiplicity. This completes the 
proof. □ 


Corollary 3.7. Let T G B{T-L) he a positive AM operator. If the speetrum cr(T) = 
clos{l3a : a G A} of T has both a limit point (3 and an eigenvalue (3 with infinite 
multiplieity, then (3 = (3. 

Proof. To show that (3 = (3, we assume that (3 ^ (3, and we deduce a contradiction 
from the assumption. We hrst consider the case when (3 < (3. Because /3 is a limit 
point of the spectrum, we know that there exists a decreasing sequence (a„)„gN C 
{/3a}aeA such that a„ \ (3. Let (5„)„gN C {(3a}aeh bs the constant sequence 
whose each term is (3 so that (3. Without any loss of generality we may 

assume that oi < /3 so that a„ < 6 „ for each n G N. Next we rename and denote 
by {/n} and {gn} the eigenvectors corresponding to the eigenvalues {a„} and {bn} 
respectively where Tfn = a„/„ and Tgn = bngn = Pg-n for each n G N. 

As we did in the previous proof, we define a sequence ( 7 n)n G N by 

ln--= P + n G N. 

2n 

Observe that ( 7 n)neN is a strictly increasing sequence with < P'^ for 

every n G N. It immediately follows then that lim„^oo 7 „ = sup{ 7 „ : n G N} = /3. 
Thereafter for each n G N, we choose c„ so that G [0,1] and cfaf^-\-{l — cf)(3 = 7 ^. 
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Finally, with the help of this sequence (c„)„eN let us define a closed subspace M 
oiU by 

M := clos (^span |c„/„ + a/1 - : n € . 

We know that the set {e„ : n S N}, where €„ ■= Cnfn + a/I — c^gn, is an orthonor¬ 
mal basis oi M. It now follows, like the argument in the previous proof, that 


IIT’ItwI/ > sup{||Te„|/} = sup{||c„a„/„ -b a/1 - : n G N} 

= supiclal -b (1 - : n G N} = supjy^ : n G N} = /3^. 

Since each x € M with ||a;|| = 1 can be written as 

OO OO 

^ Q;„(c„/„ -b a/1 - c^gn) with ^ |q;„/ = 1 , it follows that 

n—1 n—1 


\\T\M{x)r 


||Txf= T ^a„(c„/„ + v^ 

\n^l 

OO 

^ ^ ^niCnCLnfn “t“ \/l 


n—1 



n—1 


I<^np7n < = /5^- 


2 


This implies that for every element x ^ M. with ||x|| = 1, ||T|_Aa(^)|| < /3 ^ 
WtImW which means that T does not satisfy the property AM. So we arrive at a 
contradiction. Hence, our hypothesis was wrong and we conclude that (3 = (3. 

To prove the assertion for the case when /3 < /3, we follow the same line of 
argument. Let (an)neN C {j3a}a^K be the decreasing sequence such that a„ \ /3, 
(6„)„gN C {(3a}aeK be the constant sequence whose each term is /3 so that 5„ — > (3, 
and rename and denote by {fn} and {gn} the eigenvectors corresponding to the 
eigenvalues {a„} and {bn} respectively where Tfn = anfn and Tgn = bngn = Pgn 
for each n G N. We dehne the sequence {'jn)n G N a bit differently by 


7n := \ ^ G N. 

2n 

It is now a trivial observation that (7n)neN is a strictly increasing sequence with 
/3^ < 7 ^ < for every n G N. Consequently, lim„^oo In = sup{ 7 „ : n G N} = /3. 

Thereafter for each n G N, we choose Cn so that cf G [0,1] and cfM + {\ — cf)a\ = 
Jn- Finally, with the help of this sequence (c„)„gN, we define a closed subspace M 
of-H by 

M := clos (^span |c„ 5 „ -b a/1 - clfn : n G . 
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That the set {e„ : n G N}, where e„ := Cngn + a/1 — c^gfn, is an orthonormal basis 
of Ai can be easily verified. It now follows that 

\\T\m\? ^ sup{||Te„f} = sup{||c„/35„ + A/r^^a„/„f : n G N} 

= sup{c^/3^ + (1 - : n G N} = supjy^ : n G N} = /3^. 

Since each x G M with ||x|| = 1 can be written as 

OO OO 

^ Q;„(c„g„ + a/1 - clfn) with ^ |q;„/ = 1, it follows that 


mjcixw = \\Txr 




2 


= + (1 - cl)al) 

n—1 

OO OO 

= ^ W\^ll < ^ 

n—1 n—1 

This implies that for every element x G M with ||x|| = 1, ||T|^(x)|| < /3 < II^IaiII 
which contradicts the fact that T satisfies the property AM. Thus, we conclude 
that (3 = p. This completes the proof. □ 

We finish this section by stating the final proposition in its full strength. 

Theorem 3.8. IJT G B{'H) is a positive AM operator, then 

T = ^ PaVa 0 Va, 

aSA 


where {va : a G A} is an orthonormal basis consisting entirely of eigenvectors ofT 
and for every a G A, Tva = PaVa with Pa ^ 0 such that 


(i) for every nonempty subset T C A of A, we have sup{/3a : a G T} = max{Pa ■ 
a G r}; 

{ii) the spectrum a{T) = clos {Pa : a G A} of T has at most one limit point. 
Moreover, this unique limit point (if it exists) can only he the limit of a decreasing 
sequence in the spectrum; 


[Hi) the set {Pa}aGA of eigenvalues of T, without counting multiplicities, is 
countable and has at most one eigenvalue with infinite multiplicity; 


(iv) if the spectrum (j{T) = clos{Pa : a G A} of T has both, a limit point P and 
an eigenvalue P with infinite multiplicity, then P = p. 

4. Sufficient Conditions For AM Operators 

We now discuss the sufficient conditions for an operator (not necessarily positive) 
to satisfy the AM condition. There is an important and useful criterion for an 
operator T G B{'H,1C) to satisfy the property AM, which depends on the following 
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facts: For a closed linear subspace of a complex Hilbert space % let Vm '■ M. —^ 
'K be the inclusion map from M io'H defined as Vm {x) = x for each x & M. It is 
then a trivial observation that the adjoint ^ M of Vm is the orthogonal 

projection of "H on AI (viewed as a map from % onto M), that is, V^ : % —M 
such that 


Vti{y) 


y if y G M, 

0 ifi/GM-L. 


The criterion referred to is the following: T satisfies the property AM iff for every 
closed linear subspace M oi TVm satisfies the property M. To prove this 
assertion we first observe that for any given nontrivial closed subspace Ai oi 
\\TVM\\ = \\T\M\\Aor 


WTVmW^ = sup{||TyM(a;)f : ||a;|| < l.x G M} 


= sup{||Ta:||2: ||x|| <l,xGM} = ||r|^f. 


We next assume that T satisfies the property AM and prove the forward implica¬ 
tion. Let Mi be an arbitrary nontrivial closed subspace of T-L. Clearly then there 
exists xq € Mi with ||a;o|| = 1 such that ||T|yK|| = UTaioll- It follows then that 
there exists xq G H such that ||TV(v(|| = ||r|A/iii = ||Ta;o|| = \\TVm{xo)\\- Since 
Mi is arbitrary, it follows that TVm satisfies the property M. We complete the 
proof by showing that T is an AM operator if TVm satisfies the property M for 
every nontrivial closed subspace Mi oi %. Since TVm is an M operator, there 
exists XM G '^(depending on Mi) with \\xm\\ = 1 and llTVAill = \\TVm{xm)\\- 
This means that for every Mi, ||T|yv,|| = ||Tyv,|| = \\TVm{.xm)\\ = WT^VmXm)]] = 
= ||'C|x(a:x)|| where xm G Mi and ||a;Ai|| = 1- This essentially guarantees 
that for every Mi, T\m achieves its norm on unit sphere and hence satisfies the 
property M. 

We can summarize the result of the above discussion in the following lemma: 


Lemma 4.1. For a closed linear subspace Mi of a complex Hilbert space H let 
Vm ■ Mi —> H be the inclusion map from Mi to % defined as Vm (x) = x for each 
X G Mi. An operator T G B{'H,IC) satisfies the property AM if and only if for every 
nontrivial closed linear subspace Mi ofH, TVm satisfies the property M. 

The following application illustrates the power of this result. 

Proposition 4.2. If T G H('H,/C) is an isometry, then T satisfies the property 

AM. 


Proof. That an isometry satisfies the property M is obvious; for the operator norm 
of an isometry is 1 and it attains its norm on any vector of unit length. For a closed 
linear subspace Mi of the Hilbert space H let Vm ■ Mi —^ H be the inclusion map 
from Mi to H defined as Vm{x) = x for each x G Mi. To prove the assertion, it 
suffices to show that for every nonzero closed linear subspace Mi, TVm is an M 
operator. But TVm G B{Mi,IC) is an isometry and hence satisfies the property 

M. □ 


Lemma 4.3. Let T G B{'H) be a diagonalizable operator on the complex Hilbert 
space H and B = {va : a G A} be an orthonormal basis of H corresponding to 
which T is diagonalizable. IfT achieves its norm on the unit sphere ofH, then it 
achieves it norm on some vq G B. Alternatively, ifT satisfies the property M, then 
there exists vq G B such that ||r|| = ||Tvo||. 
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Proof. Let {Aa : a S A} be the set of eigenvalues of T corresponding to the the 
eigenvectors {va ■ a G A}. From [21 Problem 61], we know that ||r|| = sup{|Aa| : 
a G A}, so it suffices to prove that||r|| = max{|AQ,| : a G A}. 

To this end, by the way of contradiction, we assume the negation of the above 
claim. It implies that for every a G A, we have |Aq,| < ||r||. However, for every 
X € H with ||a;|| = 1, we have Tx = X^aeA 

llTxf = ^ |A„n {x,v^) p < ^ llrf I {x,v^) p = llrf ||xf = ||Tf; 

a^A q;GA 

which is a contradiction of the fact that T satisfies the property J\f. This proves 
the claim. □ 

Lemma 4.4. Let F G B{'H) be a self-adjoint finite-rank operator and a > 0. Then 
al -\- F satisfies the property J\f. 

Proof. Let the range of F be A:-dimensional. Since F is self-adjoint, there exists 
an orthonormal basis B = {vx : A G A} of 'H corresponding to which the matrix 
Mb{F) is a diagonal matrix with k nonzero real diagonal entries, say {fii, (32, ■■■, fik}- 
Clearly then, MB{aI -\- F) is also a diagonal matrix and 

\\al -\-F\\ =sup{|a-f/3i|,|a-h/32|,...,|a + /3fc|,a} 

= max{|a -I- fii\, |a -I- fi 2 \, |a -f /3fc|,a}. 

It is then a trivial observation that there exists vq G B such that ||a/ -I- F|| = 
\\{al + F)po||. This proves that al + F achieves its norm on the unit sphere and 
hence is an Af operator. □ 

This lemma leads to the following propostion. 

Proposition 4.5. If F G B{TL) is a self-adjoint finite-rank operator and a > 0, 
then al -\- F satisfies the property AM. 

Proof. For a closed linear subspace Ml of the Hilbert space % let Vm '■ Ml —% 
be the inclusion map from Ml to % defined as Vm(x) = x for each x G Ml. 

Let us then define T := al + F so that we have T* = al + F and T*T = 
{al + = a^I + 2aF + F'^ = (31 -\- F where (3 = a^ > 0 and F = 2aF + is 

another self-adjoint finite-rank operator. We observe that 

for every closed subspace Ml of H, TVm is M 
for every closed subspace Mi of PL, {TVm)*{TVm) is M 
for every closed subspace Ml of PL, Vm{T*T)Vm is M 
for every closed subspace Ml oi PL, Vm{I3I + F)Vm is M. 

So, it suffices to show that for every closed subspace Ml of PL,Vf^{f3I + F)Vm is 
M. But Vf^{j3I -\- F)Vm '■ Ml —S> Ml is an operator on Ml and 

VX,{fiI + F)Vm = VX,/3IVm + VZ^FVm = filM + Fm, 

which implies that Vf^{l3I + F)Vm is sum of a nonnegative scalar multiple of 
identity and a self-adjoint finite-rank operator on a Hilbert space Ml which, by the 
previous lemma, does satisfy the property M and thus proves our assertion. □ 

Lemma 4.6. For any positive compact operator K G B{PL) and a > 0, al + K 
satisfies the property M. 
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Proof. That K satisfies the property Af is obvious, for K is compact. The positivity 
of K ascertains that there is an orthonormal basis B = {ua : A G A} of consisting 
entirely of eigenvectors of K, corresponding to which K is diagonalizable; this 
fact , together with the lemma 14.31 implies that there exists vq G B such that 
l|Ar|| = /?o = max {/3 a : A G A} = ||Aruo||, where K{v\) = I3\V\ for each A G A. 
Since a > 0, it readily follows that 

\\al + K\\ = sup{a + /3a : A G A} = a + sup{/3a : A G A} 

= a + max {/3 a : A G A} = a + /3 o = ||(a/ + Ar)(i;o)||. 

al + K therefore achieves its norm on unit sphere for each a > 0. This completes 
the proof. □ 

This lemma is a special case of what the following proposition states. 

Proposition 4.7. For any positive compact operator K G B{'H) and a > 0, al + K 
is AM. 

Proof. Let us define T := al + AT so that we have T* = al + K and T*T = 
{al + KY = cAl + ‘2aK + = jdl + K where /3 = > 0 and K = 2aK + is 

another positive compact operator. 

for every closed subspace Ml oiV., TVm is M 
for every closed subspace A4 of "H, {TVm)*{TVm) is M 
for every closed subspace A4 of "H, Vm{T*T)Vm is M 
for every closed subspace Mi of "H, Vf^{(il + K)Vm is M. 

So, it suffices to show that for every closed subspace Ml of 'H,Vm{PI + K)Vm is 
M. But Vf^{f}I + K)Vm '■ Ml —^ Ml is an operator on Ml and 

vl^{pI + k)VM = vjupiVm + vfukVM = PIm + Km, 

which implies that VJff{/3I + K)Vm is sum of a nonnegative scalar multiple of 
Identity and a positive compact operator on a Hilbert space Ml which does satisfy 
the property M and hence proves our assertion. □ 

Lemma 4.8. Let K G B{'H) be a positive compact operator and F G B{'H) be 
a self-adjoint finite-rank operator. Then K F can have at most finitely many 
negative eigenvalues. 

Proof. Since A is a self-adjoint finite-rank operator, there is an orthonormal basis 
B of'H consisting of eigenvectors of F corresponding to which it is diagonalizable. 
This allows us to write F as the difference of two positive finite-rank operators, 
A+ and so that F = F.^. — F-. Consider the set of all eigenvectors in B 
corresponding to which F- has nonzero (positive) eigenvalues. Needless to say 
that they are finite in numbers. Define FI- to be the span of these eigenvectors. 
It is trivial to observe that iL_ is a closed finite-dimensional subspace of T-L and 
T-L = FI- 0 Hf. We assume that the dimension of FI- is k, that is, dimiL_ = k. 
We claim that the total number of negative eigenvalues of AT + F does not exceed 
k. To prove this claim, we first observe that AT + F can now be rewritten as 
K + (F+ — F_) = {K + F_|_) — F_ = K — F_ where K = K -\- F_|_ is positive compact 
operator on T-L. Also, K — F_ is a self-adjoint compact operator and thus there 
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exists an orthonormal basis ® of "H consisting entirely of eigenvectors oi K — F- 
corresponding to which K — F- is diagonalizable. We next observe that 

for any x G (^{K — F-)x,x'^ > 0; 

because F-{x) = 0 for every x G and (^Kx,x'j > 0 for each x G % and 
hence for each x G We are now ready to prove our claim. Consider the set 
of all orthonormal eigenvectors in corresponding to which K — F- has negative 
eigenvalues. By the way of contradiction let us assume that the cardinality of 
this set is strictly bigger than k. We fix some m > k and extract m eigenvectors 
from this set. Let the set of these extracted eigenvectors be {wi, ^ 2 ,^ 3 , and 

the corresponding eigenvalues be {Ai, A 2 , A 3 ,..., Am}. Since m > k, there exists 
ai, 02 , C(m not all zero such that Ph_ = 0- Then 

( m \ m m m 

otiVt I, Y ^ aiX^v^,Y 

2^1 / j^l j^l 

m 

= Y < 0 - 

i^l 

But this contradicts the fact that ^ established that for any x G 

F[^, (^{K — F-)x, > 0. This proves our claim. □ 

This observation leads us directly to the following proposition. 

Proposition 4.9. Let K G B{'H) be a positive compact operator and F G yB('H) be 
a self-adjoint finite-rank operator. Then for every a > 0, al + K + F satisfies the 
property Af. 

Proof. The assertion is trivial if a = 0; for then K + F is a. compact operator which 
satisfies the property Af. We assume that a > 0. Notice that K + F is a self-adjoint 
compact operator on "H and thus there exists an orthonormal basis B of TL consisting 
entirely of eigenvectors of K + F corresponding to which it is diagonalizable. From 
the previous lemma, K+F can have at most finitely many negative eigenvalues. Let 
{Al, A 2 ,..., A„} be the set of all negative eigenvalues of K + F with {vi,V 2 ,..., v„} 
as the corresponding eigenvectors in basis B] and let {ixp : /3 G A} be the set of all 
remaining nonnegative eigenvalues of A'-l-F' with {w^ : j3 G A} as the corresponding 
eigenvectors in B. We have B := {vi, V 2 ,..., u„} U {wp : /3 G A} and the matrix 
Mb {K -b F) of K + F with respect to B is given by 

1a. 


K + F = 



0 
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Observing the fact that 

\\K + i^ll = max{{|A^|}”^i U 

we proceed to show that al + K -\- F satisfies property J\f. To accomplish this we 
distinguish cases: 

Case I. If fip = max{{|Ai|}"^j U for some /3 G A. Needless to say that 

||Ar + F|| = ^J-p = \\{K + F){w^)\\. Clearly then 

Q! + > Q! + |Ai| > |a + Ail for each i G {1, 2 ,n}, and 

a + > a + ^13 ioT each /3 G A. 

It is now easy to convince ourselves that if be the eigenvector corresponding to 
the eigenvalue then ||a/ + K + F\\ = ||a + /i^|| = ||(q;/ + K + -F)(w^)|| which 
implies that al + K + F achieves its norm at . 

Case II. If I Am I = max{{|Ai|}"^i U{/i/ 3 }/ 3 gA} for some to G {1, 2, n}. In this case 

it is important to observe that 

sup{^/3 : /3 G A} = max{/r^ : P G A}; 

indeed the matrix Mb {K + F) can be written as 


K+F = 


Al : 

0 


0 

0 

An 


+ 



0 

0 


0 

TP 


where the first matrix is compact. Consequently the second matrix is forced to be 
compact which implies that sup{/i /3 : ^ G A} = max{^^ : /3 G A}. Let max{^^ : 
/3 G A} = for some ^ G A. It is then a trivial observation that sup{{|a + 
U {a + p,^}/ 3 gA} = max{Q! + /j,^, \a + Ai|,jo; + A„|} which ascertains that 
the operator al + K + F satisfies the property J\f. We conclude the proof by a note 
that al + K + F need not necessarily be positive for the proof to work. □ 

This result is the key to the theorem that follows. The following result could 
be deduced from [U Theorem 3.23] but there are some gaps in their proof of [U 
Lemma 3.7] which is essential to their proof of [1] Theorem 3.23]; so we provide an 
independent proof. 

Theorem 4.10. Let K G B{‘H) be a positive compact operator and F G B{'H) be 
a self-adjoint finite-rank operator. Then for every a > 0, al + K + F satisfies the 
property AM. 
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Proof. Let M be an arbitrary nonempty closed linear subspace of the Hilbert space 
H and Vm : M. —'K be the inclusion map from M to H defined as Vm{x) = x 
for each x € M. 

Let us then define T := al + K + F so that we have T* = al -\- K -\- F and 
T*T = [alFK + Ff = {a^I) + {2aKFK^)F{2aF + FKFKF+F'^) = /3/ + K + F 
where /3 = > 0, K = 2aK + and F = 2aF + FK + KF + F'^ are respectively 

positive compact and self-adjoint finite-rank operators. Observe that 

TVm is J\f ^ iTVM)*{TVM) is AT 

^ VfU{T*T)VM isN ^ VfUiPI + K + F)Vm is AT. 

It suffices to show that + K + F)Vm is A/”; for then, since M is arbitrary, it 

immediately follows from lemma HTT] that T is an AM operator. To this end, notice 
that (pi + K + F)Vm ■ Ml —Ml is an operator on M and 

Vfum + KF F)Vm = VI^PIVm + VfUKVM + VJUFVm = PIm +Km+ Fm, 

which implies that Vf^{pi -I- AT -|- F)Vm is sum of a nonnegative scalar multiple 
of Identity, a positive compact operator and a self-adjoint finite-rank operator on 
a Hilbert space Ml which, by the preceding proposition, satisfies the property M. 
This proves the assertion. □ 

Remark 4.11. It is desirable at this stage to make an important remark: the 
sum of two AM operators need not necessarily be an AM operator. An example 
[U Section 2, Page 182] appears in [1] which establishes that the sum of two M 
operators need not necessarily be an M operator. In fact, one can show that the 
operators they consider are not just M operators but AM. In what follows, we 
give an example of an operator T G FL which is AM but 2Re(T) is not, which also 
implies that sum of two AM operators need not be AM. 

Example 4.12. Let {cijigN be the canonical orthonormal basis of the Hilbert 
space £^(N), a G (0,1], and be two sequences of real numbers such 

that 

0 < oi < 02 < ... < a, Oi o, and o^ -I- 6^ = 1. 

Let T G defined as Ta = for each z G N, where Xi = at + ibi. Then 

T*ei = XiOi. It is easy to observe that both T and T* are isometries. Indeed, if 
X G £^(N), then x = ^i) which implies that 


llTxf = 


{x, Oi) Xit 


= x = 


{x, Oi) Xit 


= ir 


By Proposition 14.21 we infer that T and T* are AM operators. We now show 
that T -I- T* is not an AM operator. Since every AM operator is an M operator, 
it suffices to show that T + T* is not an M operator. To this end, notice that 
||T -I- T*|| ^ sup{||rei|| : z G N} = sup{|Ai -I- Aij : z G N} = sup{|2ai| : z G N} = 2a. 
But for every x G with ||a:|| = 1, we have 

oo oo 

II (T + T*)xf = y] |A. + A.H (x, e.) 1^ = |2a,n (x, e,) ^ < 4aP 

i=l 

Consequently, for every x G £^(N) of unit length ||(T -|-T*)x|| < 2a < ||T -|-T*|| 
which implies that T + T* does not satisfy the property M. 
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5. Spectral Characterization Of Positive Ahf Operators 

The final theorem of the preceding section just established-that for every 

a > 0, al + K + F satisfies the AAf property where K and F are respectively 

positive compact and self-adjoint finite-rank operators-is the stronger version 

of the backward implication of our spectral theorem for positive AM operators. If 
the operator al + K + F \s also positive then the implication can be reversed and 
the two conditions are equivalent. This is what the next theorem states. 


Theorem 5.1 (Spectral Theorem For positive AM Operators). Let TL be a complex 
Hilbert space of arbitrary dimension and let P be a positive operator on H . Then P 
is an AM operator if and only if P is of the form P = al K + F, where a > 0, iF 
is a positive compact operator and F is self-adjoint finite-rank operator. 


Proof. It suffices to prove the forward implication. We assume that P G B{'H) 
is a positive AM operator. Theorem 13.81 asserts that there exists an orthonormal 
basis B — {v\ : X G A} consisting entirely of eigenvectors of P and for every 
A G A,Tv\ = Pxvx with /3 a > 0. A moment’s thought will convince the reader 
that there are four mutually exclusive and exhaustive set of possibilities for the 
spectrum a{P) = c1os{/3a : A € A} of P. 

Case 1. <j{P) has neither a limit point nor an eigenvalue with infinite multiplicity. 
The index set A is then finite; for if it is not then the set {/3a : A G A} (count¬ 
ing multiplicities) of eigenvalues is also infinite. Since each eigenvalue in this set 
can have at most finite multiplicity, it is obvious then that the set {/3a : X G A} 
(without counting multiplicities) of distinct eigenvalues of P is infinite. More inter¬ 
estingly, {/3a : A G A} is bounded above by the operator norm of P and below by 
0. Since every infinite bounded subset of real numbers has a limit point, we arrive 
at a contradiction and hence A is finite. This forces the Hilbert space TL to be 
finite dimensional. In that case P boils down to a positive (and hence self-adjoint) 
finite-rank operator and we can safely assume that P = al -\- K -\- F with a = 0, 
K = 0 and F the operator in question. 

Case 2. cr{P) has no limit point but has one eigenvalue with infinite multiplicity. 
Let /3o G {/3a : A G A} be the eigenvalue with infinite multiplicity. Then the 
set r := A \ {A G A : /3a = /3o} is finite; for if it is not, then the set {/3a : 
A G r} (counting multiplicities) is also infinite which in turn implies that the set 
{/3a : A G r} (without counting multiplicities) is infinite because each eigenvalue 
in this set can have at most finite multiplicity. Since {/3a : A G T} is bounded 
and every infinite bounded subset of real numbers has a limit point, we arrive at a 
contradiction.This implies that T is finite. Observe that for an arbitrary x G Tl, we 
have X = J^xeA vx = J2x&r vx + Z)AeA\r ^a) vx so that for every 
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X GV., 

Px = '^{x,vx) P{vx) + ^ {x,vx)P{vx) 

Aer AeA\r 

= '^{x,vx) /3xvx+ ^ {x,vx) Povx 

Aer AeA\r 

= - Po) {x, vx)vx + {x, Vx) vx 

Aer AeA 

= Mixx ® vx){x) + j5oIx 

Aer 

= “ Po){xx ® Vx) + Pol j (a;). 

\Aer / 

To conclude this case it suffices to observe that /3o > 0 and X]Aer(/5A — Po){vx ® vx) 
is a self-adjoint finite-rank operator. It then readily follows that P = al + K + F, 
where a = Po,K = 0 and F = J2xGriP>^ “ Po){vx ® vx). 

Case 3. cf{P) has no eigenvalue with infinite multiplicity but has a limit point. 
The index set A is then countable; for if it is uncountable then the set {/3 a : A G A} 
(counting multiplicities) is also uncountable thereby rendering the set {/3 a : A G A} 
(without counting multiplicities) uncountable since each eigenvalue in this set has 
finite multiplicity. Then this uncountable set must have at least two limit points; 
and since this is impossible, we infer that A is countable and hence 'H is separable. 
Having shown that A is countable, we can safely replace A by N. This essentially 
redefines the spectrum a{P) = clos{/3„ : n G N} of P. 

Now let /3 G cr(P) be the unique limit point in the spectrum. We wish to 
reorder the elements of {/3„ : n G N} linearly in accordance with their size. To 
accomplish this, we first notice that there are at most only finitely many terms 

of the set {Pn ■ n G N} that are strictly less than /3- represent this set of 

finite elements by {/3i,/32, ■■■,Pk} counting multiplicities. We next consider the set 
{Pn' Pn> /3}neN of all terms that are strictly bigger than /3. We then inductively 
define a nonincreasing sequence {Pk+m)m&i as 

Pk+i ■■= max{/3„ : /3„ > /3}„gN, 

Pk +2 ■= max{/3„ : /3„ > /3}„gN \ {Pk+i}^ 


Pk+m ■— niax{/3,.j • Pn ^ /3}neN5 \{/3fc-t-l5 /3fc-t-m—ill 


This decreasing sequence is bounded below by /3, so it converges to /3; for if it 

converges to any other point-which, in that case, happens to be a limit point of 

(t(P) -then that contradicts the existence of only one limit point in the spectrum. 

Before we go further, it is worth establishing that the set {/3„ : /3„ > /3}„gN of all 
eigenvalues of P has been exhausted in the process of constructing the sequence 
(/3fc+m)mgN) that is, each eigenvalue of P that is strictly bigger than /3 is a term 
of the sequence {pk+ 7 n)men- This is rather a trivial observation if we show that 
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whenever /3„ > /3 is an eigenvalue of P there exist only finitely many j’s such that 
Pj > Pn- Now suppose, on the contrary, that there are infinitely many such j’s. 
Then they form an infinite bounded set of real numbers with a limit point greater 
than or equal to /3„. But since Pn > P, it contradicts the fact that P is the unique 
limit point of the cr(T). 

This inductive method of constructing the decreasing sequence is exhaustive too 
and as an immediate consequence we re-order the eigenvalues of P: 

{Pn} n=i u {Pn}n=k+i', where {Pn}n=k +1 converges to p. 

Let us rename and denote by {vn}n=i and {wn}'^^kj^i the eigenvectors correspond¬ 
ing to the eigenvalues {Pn}n=i and {/3n}^fe_i_i respectively. Observe that for an 
arbitrary x £ H, we have x = {x,Vn)vn -I- ^'^=k+i {^iWn)'Wn so that for 

every x £%, 

k oo 

Px ='^{x,Vn) P{Vn) + ^ {x,Wn)P{Wn) 

n—1 n—k-\-l 

k oo 

= '^{x,Vn) PnVn + ^ {x,Wn)PnWn 

n—1 n—k-\-l 

k oo 

= '^{Pn - P) {x,Vn) Vn + ^ {Pn - P) {x, Wn) Wn + PIx 

n—1 n—k-\-l 

C k oo \ 

"^{Pn - P){Vn <Si Vn) + ^ (/3„ - /3) (w„ (g) W„) -f/3/ j (x). 

n—1 n—k-\-l / 


To conclude this case it suffices to observe that /3 > 0, J2n=i(Pn ~ P){vn O v„) 
is a self-adjoint finite-rank operator, and Y}^=k+i(Pn ~ P){wn O Wn) is a pos¬ 
itive compact operator. It then readily follows that P = al + K + F, where 
a = P,K = J2'{{{Lk+liPn - P){Wn O Wn) and F = Y^n^liPn - P){Vn O fn)- 

Case 4- o'(P) has both a limit point and an eigenvalue with infinite multiplicity. 

Let p £ {P\ : X £ A} be the unique eigenvalue with infinite multiplicity which 
compels it to be the unique limit point of the spectrum a{P) of P. That the set 
r := A \ {X : px = P} is countable is, at this stage, a trivial observation. This 
leaves us withj/^A : A G A} = {Px : A G T} U {/3}. Since {Px : A G T} is countable, 
by the argument in the previous case, we can reorder the eigenvalues of this set in 
such a way that for some k £ N, 

{/3a : A G T} = U {/34“=fc+i U {Ph 

where, by the constructive method discussed previously, {/3n}4i (counting mul¬ 
tiplicities) is the set of all eigenvalues strictly less than P and {Pn}^=k+i ^ nonin¬ 
creasing sequence converging to p. We next rename and denote by {wn}^^k+i’ 

and {uaIasAXp the eigenvectors corresponding to the eigenvalues {Pn}n=i, {/3n})4fc+i> 
and {/3A}AeA\r respectively. Observe that for an arbitrary x £ H, we have x = 

ELl{^,yn)Vn+EZk+l , Wn) Wn+ ^xeA\r This yields that for every 
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Px ='^{x,Vn) P{Vn) + ^ {x,Wn)P{Wn)+ ^ {x,Vx)P{vx) 
n^l n^fc+1 AGA\r 

k oo 

= '^{x,Vn) [3nVn + ^ {x,Wn)f3nWn+ ^ {x,Vx)l3vx 

n—1 n— fc +1 AeA\r 

k oo 

= '^iPn- l3){x,Vn)Vn+ ^ {/3n - P) {x, Wn) Wn 

n—1 n—k+1 

+ '^{x,vx) [3vx+ ^ {x,vx) I3vx 

AGP AGA\r 

( A; OO \ 

'^{Pn - l 3 ){Vn^Vn) + ^ (/ 3 „ - ^) (?i>„ 0 ?«„) +/ 3 / j (x). 

n=l n—k-\-l / 


It then immediately follows that P = al + K + F^ where a = f3,K = J2^=k+i (A ~ 
l3){Wn 0 w„) and F = J2n=li(^ri - P)iVn 0 Vn). 

We complete the proof by observing that in all the four possibilities, we get the 
desired form. □ 

Example 14.121 establishes the fact that the class of AJ\f operators is not closed 
under addition. However, it is easy to see that it is closed under scalar multipli¬ 
cation, that is, if T S is AAf and a G C, then aT is also AAf; for if M 

is an arbitrary nontrivial closed subspace of H, then ||aTV>(|| = |a|||TV>(|| = 
\o^\\\TVMixo)\\ = \\aTVMixQ)\\, where xq G A4,||xo|| = 1, and \\TVMixQ)\\ = 

\\TVm\\. 

If we consider the class B{'H)AJ\f+ of positive AJ\f operators, what can be said 
about it in the similar vein? To answer this question, let Ti,T 2 G B{T-L)j\j^+. 
It is fairly obvious that Ti -f T 2 is positive. Moreover, by Theorem 15.11 Ti = 
ail -\- Ki + Fi and T 2 = 02 ? + K 2 + F 2 where ai,a 2 > Q\Ki,K 2 are posi¬ 
tive compact operators, and Fi,F 2 are self-adjoint finite-rank operators. Then 
T 1 -I-T 2 = {ai+a 2 )I+iKi+K 2 ) + {Fi+F 2 ) and hence it is AAf. Also, if c G K, c > 0, 
then cTi G -B('H)aV+- Finally, if T and —T are both in B{T-L)jj^f+, then (Tx,x) > 0 
and (Ex, x) < 0 which implies that (Tx, x) = 0 for each x GH and so T = 0. These 
observations, together with the fact that B{'H)sa ■= {T G B{'H) : T = T*} is a real 
Banach space, implies that B{'H)_^+ is a cone in B('H)sa, which is proper in the 
sense that B{'H)_^+ n {—B{'H)_^+) = {0}. 


6. Spectral Characterization Of AAf Operators 

For any operator T G B{'H,]C), we know that T*T G BiP) and T*T > 0. 
Moreover, there exists a unique positive operator |T| := x/T*T such that |rp = 
T*T. We state the polar decomposition theorem, which is a standard theorem and 
its proof is thus omitted. 

Proposition 6.1 (Polar Decomposition Theorem). Let P,IC be complex Hilbert 
spaces. If T G B{'H,K), then there exists a unique partial isometry U : H —> K, 
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with final space clos{ranT) and initial space clos{ran\T\) such that T = U\T\ and 
|r| = U*T. IfT is invertible, then U is unitary. 

The following lemma is the key to the main theorem of this section. 

Lemma 6.2. Let LI and K, be complex Hilbert spaces and let T G B{LL,1C). Then 
T is AAf iff \T\ is AAf. 

Proof. Let M be an arbitrary nontrivial closed subspace of LL. For any x € M 
notice that 

||T|^(a:)|| = llTxll = V{Tx,Tx) = ^/{T*Tx,x) 

= = ^mx,\T\x) == |||r|(x)|| = \\\T\\Mix)\\, 

which essentially guarantees that 

n^ll = ll|T||Al||- 

Since Ai is arbitrary, the assertion follows. □ 

Example 6.3. Let V : P ^ B he an isometry onto a subspace A4 with infinite 
codimension. By Proposition |4^ V is AAf. But |F*| = VV* = Pm is the orthog¬ 
onal projection onto Ai and since Pm has two eigenvalues of infinite multiplicity, 
Pm is not AAf by Corollarv l3.6l Thus, V is AAf but V* is not AAf. 

By the preceding lemma, the polar decomposition theorem and the spectral 
theorem for positive AAf operators, we can safely consider the following theorem 
to be fully proved. 

Theorem 6.4 (Spectral Theorem For AAf Operators). Let LL and 1C be complex 
Hilbert spaces of arbitrary dimensions and let T G B{LL,K) such that |T| = U*T, 
where Lf is the unique partial isometry U : LL —> K with final space clos{ranT) and 
initial space clos{ran\T\). Then T is an AAf operator if and only if U*T is of the 
form U*T = al -I- F -f K, where a > 0, K is a positive compact operator and F is 
self-adjoint finite-rank operator. 
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